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4.2 The Mean Value Theorenr

THEOREM 3 Mean Value Theorem for Derivatives

If y = f(x) is continuous at every point of the closed interval [a, b] and differen-

tiable at every point of its interior (a, b), then there is at least one point ¢ in (a, b) at
which O

Q -1 - ’-'
Q, 2 )
6 flo) = fb) — fla) 2l
b—a
i ————
Y\
y \J Tangefll_ggrallel to chord .

Figure 4.10 Figure for the Mean Value
Theorem.



c= 1.

1terpret The tangent line to f(x) = x2 at x = 1 has slope 2 and is parallel to t
hord joining A(0, 0) and B(2, 4) (Figure 4.12).

Now try Exer

I continued

THEOREM 3 Mean Value Theorem for Derivatives

If y = f(x) is continuous at every point of the closed interval [a, b] and differen-

tiable at every point of its interior (a, b), then there is at least one point ¢ in (a, b) at
which

ws . f(b) —fla)



EXAMPLE 2 Exploring the Mean Value Theorem
Explain why each of the follzwing run-tions fails to satisfy the conditions of the Mean

Value Theorem on the intcrval [-1, 1]. Z l ) z }"3

x+3 forx<1
xX+1 forx=1

(@) f(x)=Va2+1 (b) flx) = I

SOLUTION

|
2

4 / 4 X
a C (b)
-Ll1)
{
THEOREM 3 M:?h Value Theorem for Derivatives J
If y = f(x) is continuous at every point of the closed interval [a, b] and differen-

tiable at every point of its interior (a, b), then there is at least one point ¢ in (a, b) at

which
1) ~f(@)

flo=——_




In Exercises 1-8, (a) state whether or not the function satisfies the
hypotheses of the Mean Value Theorem on the given interval, and
(b) if it does, find each value of ¢ in the interval (a, b) that satisfies

the equation i -
f(c) _J) —J(a) Rl e
)T b-a 0 U =2+ oW

) ¥ D
. f@)=x*+2x—1 on]0,1] < C ‘ :©
- §+2~)
2. fx)=x** on]0, 1] o < (bj
3. f(x) =x3 on[—1,1] No. There is a vertical tangent at x = 0. QL“)
4. f(x) =|x— 1] on[0,4] No.Thereisacorneratx = I. + ) -—’ -
- . . _I - O
5. fx)=sin"'x on[—1,1] ’q ('9) -
6. fx)=In(x—1) on][2,4] QU‘J C..- ) )

in~! —1=x< ) 'fZ a
8. f(x) = sin"'x, —-1=x<1 on [—1, 3] 2(, |

ety sy
2




v MYy uurn g u‘-@_'l.{
n(x—1) on Ll :] VAL, ar (2,4) -‘;




-
—

TS .
sin” X, 1=x<1 on [—1, 3]

8. f(x) = {
J®) x2+1, 1=x=3
No. The split function is discontinuous atx = 1.




In Exercises 1-8. (a) state whether or not the function satisfies the

hypotheses of the Mean Value Theorem on the given interval, and

(b) if it does, find each value of ¢ in the interval (a. b) that satisfies

the equation

f(b) — f(a) f(a) 8. fm:{sin"x. —1=x<1 on [~1, 3]

b— x2+1, 1=x=3
No. The split function is discontinuous at x 1

re)=

L. f)=x2+2x—1 onq[O 1]
2. fx)=x** on|o0,1]
3

R /
. f@)=x" on[-1,1] ® con ¥rinaoas J

4. fx)=|x—1] on[0,4] No.T d G*Gc.r-evﬂ's“-\a\b
5. f(x)=sin"x on[—1,1]
6. fx)=In(x— 1) on[2,4] [Q) |>
/..—-
&
AV
il +2
c@=2e+2\EWP> T
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EXAMPLE 3 Applying the Mean Value Theorem
Let f(x) =V1—x2, A=(—1, f(-1)), and B= (1, f(1)). Finda

tangent to f in the interval (—1, 1) that is parallel to the secant AB.

SOLUTION
The function f (Figure 4.14) is continuous on the interval [-1, 1] and
—X
Flo) = —=—
V]—x"
is defined on the interval (—1, 1). The function is not differentiable at x = —1 and x = 1,

but it does not need to be for the theorem to apply. Since f(—1) = f(1) = 0, the tangent
we are looking for is horizontal. We find that f'= 0 at x = 0, where the graph has the
horizontal tangent y = 1. Now try Exercise 9.

COROLLARY 2 Functions with f' = 0 are Constant

If f'(x) =0 at each point of an interval I, then there is a constant C for which
f(x) =C forallxin .




In Exercises 9 and 10, the interval a = x = b is given. Let A =

\
(a, f(a)) and B = (b, f(b)). Write an equation for ':S

(a) the secant line AB. \_g (
(b) a tangent line to f in the interval (a, b) that is parallel to AB. "'g =
: | g
9. f(x) =x+?, 05=x=2 (a)y 1 (b)y =2
10. f(x)=Vx—-1, 1=x=3 ‘L



COROLLARY 1 Increasing and Decreasing Functions

Let f be continuous on [a, b] and differentiable on (a, b).

1. If f' >0 ateach point of (a, b), then f increases on [a, b].

2. If f'<<0 ateach point of (a, b), then f decreases on [a, b].

EXAMPLE 6 Determining Where Graphs Rise or Fall

Where is the function f(x) = x* — 4x increasing and where is it decreasing?

SOLUTION
Solve Graphically The graph of fin Figure 4.17 suggests that f is increasing from

—oo to the x-coordinate of the local maximum, decreasing between the two local ex-
trema, and increasing again from the x-coordinate of the local minimum to %. This in-

formation is supported by the superimposed graph of f'(x) = 3x* — 4.
Confirm Analytically The function is increasing where f'(x) > 0.
3x2—-4>0

: skip

’ ]
¥ > i
x> _ -
gl o e #11-14!
3 V3
The function is decreasing where f'(x) < 0.
3x2-4<0
4
x*<3 -



In Exercises 15-22, use analytic methods to find (a) the local ex-
trema, (b) the intervals on which the function is increasing, and
(c) the intervals on which the function is decreasing.

i Firt l o
5. fx)=5x—x% Le(x)=xr—x—-12 '
15. f(x) =5x — x :’L 16. g(x) =x*—x—1 o

2
17. h(x) = —

—

l\\cx) —;_1_1_.‘._"3:? =C:
C’l) I: —
\\‘(;0 ” — ,' ufc,"""
&



In Exercises 15-22, use analytic methods to find (a) the local ex-
trema, (b) the intervals on which the function is increasing, and
(¢) the intervals on which the function is decreasing.

SEe page 204,
15. f(x) = 5x — x2 See page 204. 16. g(x) =x%2—x— 12
2 . ]
2 hix) = — dee pag 204 18. k(x) = — See oe 204
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In Exercises 23-28, find (a) the local extrema, (b) the intervals on
which the function is increasing, and (c¢) the intervals on which the
function is decreasing.

23. f(x) =xV4—x 24, g(x) =x'"3(x + 8)
25. h(x) = o 26. k(x) =

27. f(x) =x3 —2x — 2 cosx 28. g(x) =2x + cosx

@(\:\) 3); -"'2 1‘;5 "
< \

' €65\ Ny
e ;hj:z) (_/( Ssq’m)
Aeoceas oy
C,,}JZ; S'Sq)



In Exercises 23-28, find (a) the local extrema, (h) the intervals on
which the function is increasing, and (c) the intervals on which the

function is decreasing. 24. (a) Local min at = (—2, —7.56)
23 f(x)=xV4-x 24. g(x) = x'3(x + 8) (P On[=2,%)
=g == f‘ ) (c)On (—=c 2]
S- X) =3 - - o ’».
25. h(x) W 26. k(x) 2 —a
27. f(x) =x* —2x — 2cos x 28. g(x) = 2x + cosx
(a) None (b)On (—20, %) (c) None
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COROLLARY 3 Functions with the Same Derivative Differ
by a Constant

If f'(x) = g'(x) at each point of an interval /, then there is a constant C such that
f(x) =g(x) + C forall xin L

DEFINITION Antiderivative

A function F(x) is an antiderivative of a function f(x) if F'(x) = f(x) for all x in
the domain of f. The process of finding an antiderivative is antidifferentiation.

Think of deriving, only in reverse.... d'% (""’"',).’
In Exercises 29-34, find all possible functions f with the given - (:(A_/"
derivative. —
29. f'(x) =x f +C 30. f'(x) =2 2x+« u
3. f(x) =322 — 2x + 1 32. f'(x) =sinx —cosx + (
= f’(x) z_,él_ -x2 4+ x4+ ( . f'(',\") _ _::l;; i

e+ L In(x—1)+C



EXAMPLE 7 Applying Corollary 3

Find the function f(x) whose derivative is sin x and whose graph passes through the
point (0, 2).

SOLUTION

Since f has the same derivative as g(x) = — cos x, we know that f(x) = —cos x + C, for
some constant C. To identify C, we use the condition that the graph must pass through
(0, 2). This is equivalent to saying that

f(0)=2

—cos(0)+C=2 f(x)=-cosx+C
=l e =2
C=3.

The formula for fis f(x) = —cos x + 3. Now try Exercise 35.




In Exercises 35-38, find the function with the given derivative whose
graph passes through the point P.

c 1 -~
B ra=—— >0 P2.D {
o » & ‘F (v.) . x
1 @

36. f'(x) = 108 P -2

- se+L) 1C-
S B D K taie bl

x+ 2’

38. f'(x) =2x+ 1 —cosx, P(0,3) g (>4> o




Group Activity In Exercises 3942, sketch a graph of a differen-
tiable function y = f(x) that has the given properties.

39. (a) local minimum at (1, 1), local maximum at (3, 3)
(b) local minima at (1. 1) and (3, 3)
(¢) local maxima at (1, 1) and (3, 3)
40. f(2) =3, f(2)=0, and
(a) f'(x) >0 for x<2, f'(x) <0 for x> 2.
(b) f'(x) <0 for x<2, f'(x)>0 for x> 2.
(¢) f'(x) <0 for x # 2.
(d) f'(x) >0 for x # 2.

41 f(=1)=f(1) =0, f(x)>0on(~1,1),
f'(x) <0 for x<—1, f'(x)>0 for x> 1.



