9-4 Analyzing Graphs of Polynomial Functions

Example 1 - . mel\
Graph f(x) = —x* + x® + 3x? + 2x by making a table of values. 6
4
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x | fo x | RIL) ;J a
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This is an even-degree polynomial with a negative leading coefficient, so f(x) — —oc as
x — —oc and f(x) — —oo as x — +oo. Notice that the graph intersects the x-axis at two
points, indicating there are two zeros for this function.

Example 2 =L

Determine consecutive integer values of x between which each real zero of
f(x) = x® — 4x? + 3x + 1 is located. Then draw the graph.

Make a table of values. Since f(x) is a third-degree polynomial function, it will have
either 3 or 1 real zeros. Look at the values of f(x) to locate the zeros. Then use the
points to sketch a graph of the function.
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The changes in sign indicate that there are zeros between x = —1 and x = 0, between
x=1and x = 2, and between x = 2 and x = 3.



StudyTip

0Odd Functions Some odd
functions, like f(x) = x°, have
no turning points.

Maximum and Minimum Points The graph below shows the general shape of
a third-degree polynomial function.

Point A on the graph is a relative maximum of the function fi)

since no other nearby points have a greater y-coordinate. alalion
The graph is increasing as it approaches A and decreasing maximum
as it moves from A. B,

S

i : : : = e : relative
Likewise, point B is a relative minimum since no other 2

nearby points have a lesser y-coordinate. The graph is
decreasing as it approaches B and increasing as it moves '
from B. The maximum and minimum values of a function

are called the extrema.

These points are often referred to as turning points. The graph of a polynomial function
of degree n has at most n — 1 turning points.



Graph f(x) = x* — 4x? — 2x + 3. Estimate the x-coordinates at which the relative
maxima and relative minima occur.

Make a table of values and graph the function.

x | 100 [
-2 | —17 [ zero ) y
~1 0
3 f—{indicatesa relative maximum) —8—6—4— 2 34 68X
—2

= *—{zero between 4 and 5] u—-

0
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2
3| —12 G—{ indicates a relative minimum )
4
5

Look at the table of values and the graph.

The value of f(x) changes signs between x = 4 and x = 5, indicating a zero of the
function.

The value of f(x) at x = 0 is greater than the surrounding points, so there must be
a relative maximum near x = 0.

The value of f(x) at x = 3 is less than the surrounding points, so there must be a
relative minimum near x = 3.
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Lesson 5-4

Graph each polynomial equation by making a table of values. 1-4. See margin.
1. fly=2x*—5x3 +x2 —2x + 4 2. f)=—2x*+4x3+2x2+x -3
3 fx)=3x—4x® —2x? +x—4 4 f(x)= —dx* +5x3 + 2x? + 3x + 1

Determine the consecutive integer values of x between which each real zero of each function
is located. Then draw the graph. 5-8. See Chapter 5 Answer Appendix.

5. fix) =x>—2x2+5 B flxy=—x*+x*+2x2+x+1
7. fix) = —3x* +5x3 + 4x? + 4x — 8 8 flxy=2x*—x—3x2+2x — 4

Graph each polynomial function. Estimate the x-coordinates at which the relative maxima and
relative minima occur. State the domain and range for each function. 9-12. See Chapter 5

9. flx)y =x3 +x% —6x — 3 10. f(x) = 3x® — 6x2 —2x +2  Answer Appendix.
M. flx) = —x3 + 442 —2x — 1 12, fi) = —x3+2x2 —3x + 4

13. 005‘-') SENSE—MAK]NG Annual compact disc sales can be modeled by the quartic function
fix) = 0.48x* — 9.6x” + 53x” — 49x + 599, where x is the number of years after 1995
and f(x) is annual sales in millions.

a. Graph the function for 0 < x < 10. See Chapter 5 Answer Appendix.
b. Describe the turning points of the graph, its end behavior, and the intervals on
which the graph is increasing or decreasing.
¢. Continue the graph for x = 11 and x = 12. What trends in compact disc sales does
- .
the graph suggest? See Chapter 5 Answer Appendix. See Chapter 5 Answer Appendix.

d. [s it reasonable that the trend will continue indefinitely? Explain,
13b. Sample answer: Relative maxlmum at x= 5 and rélativé minimum at x =~ 9.5 f(x) —oco as x »—oo

ngeac when v~ § and x > 9.5 and decreases when 5 < x < 9.5.
: Mﬁm{b_

5. between —2 and —1 6. at —1 and between 2 and 3 7. between 0 and 1 and between 2 and 3

36

RE W)

24 7

" —4—3—2-101/
2

J_

12

Fa

—
ey
-

N & h D

BX

BRY
o
I 11
28
|
(=]
|
(=,
|
¥
-9
On

—8—6—4—20| VY 1

.

-2

-2
l

flx)

L lf- fld o}t 8. between —2 and —1 and between 1 and 2




Practice and Problem Solving Extra Practice Is on page R5.

Examples 1-3 Complete each of the following. 14-21. See Chapter 5 Answer Appendix.
a. Graph each function by making a table of values.
b. Determine the consecutive integer values of x between which each real zero is located.

¢. Estimate the x-coordinates at which the relative maxima and minima occur.

14. flx) = x° + 32 . fx) = —x>+ 22" — 4 22h. Sample answer:
16. fix) = x® + 4x% — 5x 17. flx) = x> —5x2 + 3x+1  The graph has a relative

minimum at x= 10 and
18. flx) = —2x> + 12x%2 — 8x 10 fx) = 2%~ dx® = 8x +4 o lneranses a8 ¥

20. fix)=x*+2x—1 21. flix) =x* + 8x2 — 12 increases.

Example 4 22. FINANCIAL LITERACY The average annual price of gasoline can be modeled by the cubic
function f(x) = 0.0007x® — 0.014x2 + 0.08x + 0.96, where x is the number of years after

23. ""2- 7'“33*5 1987 and f(x) is the price in dollars. a, d. See Chapter 5 Answer Appendix.

x=-2.73;

rel. min: a. Graph the function for 0 < x < 30. 22c. The g.raph sqggests a fairly
: - b. Describe the turning points of the graph and its end behavior steep continuous increase and

xX=0.73 : : § poins grap * gas prices at $5 per gallon by

25. rel. max: ¢. What trends in gasoline prices does the graph suggest? 2012, which could be possible.

x=1.34; d. Is it reasonable that the trend will continue indefinitely? Explain.

no rel. min

Use a graphing calculator to estimate the x-coordinates at which the maxima and
26. "3|'i :‘_’315 minima of each function occur. Round to the nearest hundredth.
X=—1.01; _ .3 b _ _n.3 2 _ i ;
Bl 23. fix) =x*+ 32 —6x—6 24. fix) = —2x* + 4x> —5x + 8  no relative max or min
x=1.352 25. f(x) = —2x* +5x> —4x2 +3x -7 26. fix) =x> —4x>*+3x2—8x—6



Sketch the graph of polynomial functions with the following characteristics. 13a 800
. ()

x)

27. an odd function with zeros at —5, —3,0,2and 4 27-32. See Chapter 5 760
_ ) Answer Appendix. = 720

28. an even function with zeros at —2,1, 3, and 5 £ 680 // N\
29. a 4-degree function with a zero at —3, maximum at x = 2, and minimum at x = —1 % g
30. a 5-degree function with zeros at —4, —1, and 3, maximum at x = —2 3,_ 560

v

31. an odd function with zeros at —1, 2, and 5 and a negative leading coefficient :“.’, :;g
32. an even function with a minimum at x = 3 and a positive leading coefficient 440
400

0123456738 9x

9. rel. max at x = -1.8; rel. minat x = 1.1; :
. ' ' 11. rel. max at x = 2.4; rel. min at x = 0.3; D = {all real numbers}, Years Since 1995
D = {all real numbers}, R = {all real numbers} R = {all real numbers}
flx)
16 flx)
12 ’ 8
8 = 13c. 800
N II 17 760 1100
i 1 ] 3 ax T \
N —4—3—0— 7 3\4x £ 680 /
1 L, | = 640 N /
12 —‘ £ 600
] i 5 2 560
| 2 520
10. rel. max at x = —0.1; rel. min at x = 1.5; ) ) v 480
D = {all real numbers}, R = {all reals numbers} 12. no relative max or min; D = {all real numbers}, 440
16} f% f =48l TG DNy 1234567891010
12 i l‘\ flx) Years Since 1995
: / Sample answer: This suggests a dramatic increase in sales.
Pa N : .
—4—3—2—J0| N\ 7 3 4x 13d. Sample answer: No; with so many other forms of media on the
8 market today, CD sales will not increase dramatically. In fact,
12 \ the sales will probably decrease. The function appears to be
16 2 ] accurate only until about 2005.
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16b. —5,0,and 1 17b. at x=1, between —1 and 0, and between x = 4 and x =

14b. at0and at —3 1 :
16¢. rel. max: x = —3; rel. min; between x=0and x=1  17c. rel. max: x = 3+ fel.min: x = 3

14c. rel. max: x = —2;rel. min: x=10
18a. X | r{x) *JTJ flx)
—4 92 2 0 0 0 / \
1 2 5
-3 a1
2 | 12 2 % A L 4
_ i 2 3
= — g f 4 6 BX 3 30 ~3-2-10 A 234 9x
L 4 32 [TT¥TTTTHN
0 -4 6 5 10
—B
1 -3 | L .
2 -4 7 | -154
3 -13 18b. at 0, between 0 and 1, and between 5 and 6
4 —36 18c. rel. min: between x = 0 and x = 1; rel. max; near x = 4

15b. between —2 and —1

15¢. rel. min: x = 0; rel. max: x = 1



133- X | ”x) 8 f(x
; = " 20b. between x = —2 and x = —1 and between x =0 and x = 1
p— _1 0
3 | -77 20c. rel. min: near x = —1; no rel. max
\
-2 -22 —g—6—4—2P|\] 4 6 8x 21a. X ‘ f(x) k70 Fi) f
i I 1. -4 | 372 -
0 4 j’Z -3 | 141 40
1 | - -2 | 36 ;g
£ | = -1 ] -3 Yo
3 13 0 | -1 —4-3-20| A 2 3 ax
4 | 56 1 -3 [TTTFTTT]
19b. between x= —2 and x = —1, between x =0 and x = 1, and : %
between x = 2 and x= 3 s |4
19¢. rel. max: near x = —0.3; rel. min: near x = 1.6 . L
202. | (% I 21b. between x = —2 and x = —1 and between x = 1 and x = 2
141
—4 | 247 12 21c. min:near x=0
10
-3 | 74 8
- 11 -6
2 ‘ p ]
-1 | -2 2
0 wve] —4—=3=2A1Q¥ 1 2 3 4X
1 2 HER | |
2 19
3 86
4 263

20b. between x= —2and x= —1 and between x=0and x=1

20c. rel. min: near x = —1; no rel. max
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22d. Sample answer: While it is possible for gasoline prices to
continue to soar at this rate, it is likely that alternate forms of
transportation and fuel will slow down this rapid increase.
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