S
5.3 Definite Integrals and Antiderivatives ‘ ‘

IEVIER- B Rules for Definite Integrals - b

b
—
1. Order of Integration: jf(x)dr ff(r)dl A definition +5 s

2. Zero: J-f(i) dx = Also a definition
3. Constant Multiple: f kf(x) dx = kj f(x) dx Any number k
j —f(x)dx = j flx)dx k= -1
b b b
4. Sum and Difference: J (f(x) x gx)) dx= f f(x)dx = j g(x)dx

b c c
5. Additivity: J f(x)dx + j f(x)dx = f f(x)dx
a b a




EXAMPLE 1 Using the Rules for Definite Integrals
Suppose

.)dx— @n)dr—-l and fh(x)dxa—.

Find each of the following integrals, if possible.

! 4 1
(a)f f(x) dx {le. f(x) dx (c)f [2f(x) + 3h(x)] dx
4 -1 -1
1 2 4
ldl[ f(x)dx {elf h(x) dx (f_)f [ f(x) + h(x)] dx
0 -2 -1
SOLUTION

(a f(x)d = —J. f(x)dx=—(-2) =

l
(‘l)dx-f f(x)dx-t-J.f(x)dx 5+(-2)=3
-’

(©) | [2f(x) + 3h(x)]dx= f(.r) dx + BJ’ h(x) dx = 2(5) + 3(7) = 31
-]

(d) Not enough information given. (We cannot assume, for example, that integrating
over half the interval would give half the integral!)

(e) Not enough information given. (We have no information about the function A
outside the interval [—1, 1].)

(f) Not enough information given (same reason as in part (e)). Now try Exercise 1.




The exercises in this section are designed to reinforce your under-
standing of the definite integral from the algebraic and geometric
points of view. For this reason, you should not use the numerical
integration capability of your calculator (NINT) except perhaps
to support an answer.

1. Suppose that f and g are continuous functions and that

2 5 5
j f(x)dx = —4, f f(x) dx =6, J- g(x) dx = 8.
| | |

Use the rules in Table 5.3 to find each integral.

)

2 1
(a) J‘ g(x)dx o (bl[ g(x)dx -3
2 5
2 5
(c)f 3f(x) dx 12 tdlj f(x)dx 10
1 2

5 5
(e)J. [f(x) — g(x)]dx —2 tf)f [4f(x) — g(x)]dx 16
1 1
2. Suppose that fand h are continuous functions and that

9 9 9
ff(x)dx:—l, ff(x)dx:5, J. h(x) dx = 4.
1 7 2

o

Use the rules in Table 5.3 to find each integral.

9 9
(a)j —-2f(x)dx 2 (b}f [Ff(x) + A(x)]dx 9
1 7
9 1
(c}j [2f(x) — 3h(x)]dx —2 (d}J- f(x)dx 1
7 9

7 7
(e_)f f(x)dx -6 (l‘)f [A(x) = f(x)]dx 1
I 9

. Suppose that | 12 f(x) dx = 5. Find each integral.

2 2
(a)J‘f(u)du 5 (b)f V3 f(z)dz 5V3
1 |

1 2
(cljf(r)dr 5 (d)f [f(x)]dx -5
2 1

. Suppose that [, g(1) dt = V/2. Find each integral.

3 0
(alJ‘ g(t)ydt —\V2 (blj gluydu V2
0 -3

0 0 )
(c}J_B[—g(x)]d.f (d) _3{7_%dr |

V2




S. Suppose that f is continuous and that

3 4
ff(z)dz=3 and jf(z)dz=7.
0 0

Find each integral.

4 3
(a)J f(z)dz 4 (b)ff(t)dt —4
3 4
6. Suppose that & is continuous and that

! 3
f h(r)dr=0 and f h(r)dr = 6.
~1

=]

Find each integral.

(o)

3 |
(a)J h(r)dr 6 (b) —f h(u) du
l 3

skip #/7-14!



DEFINITION Average (Mean) Value

If fis integrable on [a, b], its average (mean) value on [a, b] is

b
av(f) =ﬁf [flx) dx. |

In Exercises 15-18, find the average value of the function on the i
interval without integrating, by appealing to the geometry of the 17. f (f ) = Ssinl, [0, 2’11'] 0
region between the graph and the x-axis.

x+4, G4 =x= -1, m T

A ASISChowam 2 18, £(9) = tan 6, {——5, IJ 0

y=x+26 5

15. f(x) =

N Z y Y o >
/‘}\ P""q \56‘ A

=Sl " ’//G

-4 0

16.f(=1-Vi—-r [-1,1] = ¢ :




If all went well in Exploration 2, you concluded that the derivative with respect to x of
the integral of f from a to x is simply f. Specifically,

4

d | e
d_"l-ﬂr)dr—f(.x).

“Ya

This means that the integral is an antiderivative of f, a fact we can exploit in the follow-
ing way.
If F is any antiderivative of f, then
X
[ fl)dt=Flx)+C
“Ya
for some constant C. Setting x in this equation equal to a gives
~a
I flr)dt=Fla) + C
“a
0=Fla)+C

C = —F(a).
Putting it all together, o5
‘ f(t) dt = F(x) — Fla).
“a

This is kinda special, and I'll explain why later....
[Mﬁ\’:‘?ﬂ

3 0« :QQe,reni’;ﬂ'ht?:\
oy by -0

3 S



J’ f(1) dt = F(x) — F(a).

In Exercises 19-30, evaluate the integral using antiderivatives, as in

Example 4.

l9.j sin.riir

e cosl 2 + cCOSs

1
21. j e* dx
0

b2

)]

20. f _ﬂcos rdv = S t\tﬁ;- \ —Stn (O3
( — o = \

=4
22. f sect x dx
()]

2. J’Zl 12 dx
L (7D —5&3)
M.LSdr T S6 -2 =
rl.’.‘.

“0




In Exercises 19-30, evaluate the integral using antiderivatives, as in
Example 4.

2 wi2
19. f sin x dx 20. cos x dx

s —cos(27) + cos w = —2 p sin(m/2) —sm0=1

-4

1
ZI.Jt‘dx el —-f=e-1 22. sec? x dx
0

0 tan(7m/4) —tan 0 = |

4 2
B.J- 2xds £-EB=15 24.[ Idx 2-(-1¥=9
1 =

[ T
25. Sdx 5(6) - 5(-2) =40 26. Ide 8(7) — 83) = 32
-2 i

tan 'tllftan =D == sin  (1/2) — sin Y 0) = =/6

4
Q.I%dl Ine—Inl =1 N.I—x'zdx 4-1-1-1=-34
1 1



DEFINITION Average (Mean) Value

Joxf(t) -~ F(I) B F(a) If [ is integrable on [a, b], its average (mean) value on [a, b] is
a

1

b
av(f) = b—af f(x) dx.

NOW, use both!

In Exercises 31-36, find the average value of the function on the
interval, using antiderivatives to compute the integral.

M.y=sinx, [0.7] 2= 32,_,,-:%, le,2¢] 2
|

1 4%
[.y=32+2x, [-1,2] 4 36.y=secxtanx, [Og] Y

33. y = sec?x, [0, %] v M.y= [0,1] =4



