6-2 Inverse Function and Relations

5" KeyConcept Inverse Relations ]

Words Two relations are inverse relations if and only if whenever one relation contains the
element (g, b), the other relation contains the element (b, 3).
Example Aand B are inverse relations.

A={(1,5),2,6),3, 7} B={(51),6,2),7.3}

w1
PT)
Example 1
GEOMETRY The vertices of AABC can be represented by the relation {(1, —2), (2, 5),
(4, —1)}. Find the inverse of this relation. Describe the graph of the inverse.

Graph the relation. To find the inverse, exchange the y| |8 Pl
coordinates of the ordered pairs. The inverse of the c s
relation is {(—2, 1), (5, 2), (—1, 4)}. / = ] \e
Plotting these points shows that the ordered pairs LA’ — '37
describe the vertices of AA'B'C’ as a reflection of AABC E ’f AV
in the line y = x. = =1C
I’ A
¥ |

P GuidedPractice ¢ 3 _g) (_g, —8), (—6, —3)}; It Is a reflection In the line y = x.
1. GEOMETRY The ordered pairs of the relation {(—8, —3), (—8, —6), (—3, —6)} are the
coordinates of the vertices of a right triangle. Find the inverse of this relation.
Describe the graph of the inverse.

As with relations, the ordered pairs of inverse functions are also related. We can write
the inverse of the function f(x) as f ~1(x).

Example 1 Find the inverse of each relation.
1. {(—9,10), (1, =3), (8, —5)} 2. {(—2,9),(4,-1),(=7,9), (7,00}
{(10, -9), (-3, 1), (-5, 8)} {(9, —-2), (-1, 4), (9, -7), (0, 7)}

——1 [—————



Example Let f(x) = x — 4 and represent its inverse as f~1(x) = x + 4.

Evaluate f(6). Evaluate f—1(2).
fix)=x—4 x)=x+4
f(6) = 6 — 4 or 2 12 =2+40r6

Because f(x) and f—1(x) are inverses, f(6) = 2 and F1(2) = 6.

When the inverse of a function is a function, the original function is one-to-one. Recall
that the vertical line test can be used to determine whether a relation is a function.
Similarly, the horizontal line test can be used to determine whether the inverse of a

function is also a function.
A 4
y
\
8 x [o] x
- -L/M -
No horizontal line can be drawn so that A horizontal line can be drawn that
it passes through more than one point. passes through more than one point. The
The inverse of y = f(x) is a function. inverse of ¥ = g(x) is not a function.

The inverse of a function can be found by exchanging the domain and the range.



Example 2

Find the inverse of each function. Then graph the function and its inverse.

a flx)=2x—-5

m Rewrite the function as an equation relating x and y.

X)=2x—5—y=2x—5
Yy
[ Step 2 | Exchange x and y in the equation. x =2y — 5

EZH solve the equation for y.

x=2y—5 Inverse of y=2x—5
x+5=2 Add 5 to each side.
o=y Divide each side by 2.

| Step 4 Replace y with f ~1(x).

y=33 o f-1x) =213

The inverse of f(x) = 2x — 5 is f1(x) = *5-2.
The graph of f~}(x) = X% is the reflection of
the graph of f(x) = 2x — 5 in the line y = x.

b. flx) =x? + 1
ETYl in=x*+1-y=x2+1
ETH <= +1

Step 3 x=y2+1
x—1=y2
tVx—-1=y Take the square

root of each side.
Bt y=+vx—1

Graph y = £V x — 1 by reflecting the graph
of f{x) = x2 + 1in the line y = x.

LT $r]

=23

x+5|

fl) =205 |

-

[ o =x2

“~




Example 2 Find the inverse of each function. Then graph the function and its inverse. £
& fix) =—3% 4. g(x)=4x—6 5. h(x)=x2—-3

Additional Answers 3
1
-1 — ——
3 0= 3x
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Two functions fand g are inverse functions if and only if both of their compositions
are the identity function.

f(x) and g(x) are inverses if and only if [fo g](x) = xand [g o f](x) = x.

Determine whether each pair of functions are inverse functions. Explain
your reasoning,.

a. f) =3x + 9 and glx) = 3 — 3
Verify that the compositions of f(x) and g(x) are identity functions.

[f e gl(x) = flg(x)] [g © f1(x) = glfix)]
=f(%-3) = g(3x +9)
=3(%x—3)+9 =1lar+9)-3
=x—9+9%orx =x+3—3orx

The functions are inverses because [ f o g]J(x) = [g © f](x) = x.
b. flx) = 4x? and g(x) = 2vX
[f° g1) = f(2v)
=4(2vx)?
= 4(4x) or 16x
Because [f ¢ g](x) # x, f(x) and g(x) are not inverses.




Example 3

Determine whether each pair of functions are inverse functions. Write yes or no.
6. f(x)=x-7 7. f(x) @ 8. f(x)= 23

glx)=x+7 yes g(x)= 24 —% no g(x)=%\/x‘ no



Practice and Problem Solving Exira Practice Is on page R6.

Example 1 Find the inverse of each relation. 9. {(6, —8), (-2, 6), (=3, 7)} 10. {(7, 7). (9. 4), (-7, 3)}
:1-1 {(—51), 8). 9 {(-8,6)6,-2), 7 -3)} 10. {(7,7), (4,9), (3, ~7)} zf's{(fé';”é_;)’}_”’
(-8, —2), MAB-D.(8,-1,(-2-8),@8)}  12{43) (49 (-3-562
(8,2)} 13. {(1,-5),(2,6),(3,=7), (4,8),(5, -9} 14 {(3,0), (5, 4), (7, —8), (9, 12), (11, 16)}
. 1(=5,1),(6,2), (-7, 3), (8 4), (9,5} {(0,3), (4,5),(-8,7), (12, 9), (16, 11)}
Example 2 (0SS SENSE-MAKING Find the inverse of each function. Then graph the function 15-26. See Chapler 6
and its inverse. Answer Appendix.
15. fix)=x+2 16. g(x) = 5x 17. fix)=—2x+1 Lesson 6-1
18, h(x) = X34 1. fr)=—32 -8 20. gx)=x+4 17. fog={(—4,4),0 = (~4},R = (4 g ={(~8,0).(0, —4)
(2, —5), (~6, —1)},D = {~6,0,2),R = (-5, 4, 1,0}
21. fix) = 4x 2. fix)=-8x+9 23. fix) = 5x*
o s 18. fo g={(6,12)},0 = {6}, R = {12} g= = {(~7.5), (4, 1),
24 h(x) =x2+4 25, flr) =5+ — 1 26. flx) =(x+1)> +3 (—3,8),0={-7—3,4,R={1,58
19, fo gls undefined, D = @, R = @; g = is undefined, D = @,
Example 3 Determine whether each pair of functions are inverse functions. Write yes or no. s R :g;unde - . 8 i et E

21. fix) =2x+3 28 fixy=4x+6 R_ﬂx):—%x+3
gx) =2x—3 no g0 =275 yes g(x) = —3x+9 yes
m‘f(—ﬂ=—6x 31.ﬂx)=%x+5 nﬂ_‘,)=r+ﬁlﬂ
&) :%x . glx)=2x—10 yes g(x) = 8x — 10 yes
33, fix) = 47 Mﬂl‘)=%x2+l .ﬂx)=x2—9

g(x) =+/3x—3 yes

g0 = %\/x_ yes g)=x+3no

3. fl) =3 37 flx) = (x + 62 38. flx) =2vx -5
g =13x no g(x) =/ — 6 Yes g =12 -5 no

20. o gis undefined, D = 2,R = @; go f= {(—4,9),(0, 1),
(~8,13), (2, —3)},D = {-6, -4,0,2), R={-3,1,9,13}.

28-35. Domains and ranges are all real numbers unless
otherwise specified.
27. [fe gj(x) = 2x+ 10, D = {all real numbers}, R = {all even

numbers}; [g e ix) = 2x+ 5, D = {all real numbers}, R = {all
odd numbers}

28. [feo glix) = 3x— 24;[g~ f](x) = 3x+ 8
29. [fogix)=3x—2;[geflx)=3x+8

30. [foglix) = x* — 14, R={yly= —14}; [ge F]x) = x* — Bx + B,
R={yly=-10}

31, [fogl() = x2 —6x—2,R={yly=~11); [go flx) = &% +
6x—8,R={yly=—17}

32. [f=glix) = 3252 + 44x + 16, R = (y| y = 0.875); [g= f)ix) =
8x2 —4x+7,R={yly=65)

33. [f=glix) = 4% + 7; [go F}(x)} = 64x° — 48x? + 12x + 1

34 [feglx)=x*+3x2+ 1L,R={yly=1}[ge flix) = x* +
67 + 11x2 + 6x+ 1,R={yly= 0}

35, [f= gl(x) = 128x* + 96x + 182, R = {yl y = O): [g= f](x) =

32xt + 6, R=(yly=0}
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