lers «
S add Cuxdivg!

(,x:"‘m,_.l— -
peeE. D vl
Xt E< 23 r
)<C>c'f’7/) i
9/, y @
| Sl (2 ¢ Z ME" -
L - - 12)‘
3 T x4 xﬁﬂf[} )
( 0. o X'p \Oreﬁ\} (-)r
o prawse ¥ 12



6.5 Logistic Growth

In this section, we are learning how to break
apart fractions, so that we could intergrate them easier.

Ex 3 1 1 ~c |
_:__i_g Qx‘,\a\.ﬁms.

Partial Fraction Decomposition with Distinct Linear
Denominators

If f(x)= & where P and Q are polynomials with the degree of P less than the

degree of Q. and if Q(x) can be written as a product of distinct linear factors, then
f(x) can be written as a sum of rational functions with distinct linear denominators.




EXAMPLE 1 Finding a Partial Fraction Decomposition

s = | L ) e e . . i i
Write the function f(x) = 2 — Tx + 3 as a sum of rational functions with linear
denominators. - -

SOLUTION z
. . r— -
Since f(x) = J D we~wWill find numbers A a so that
2 — 1Kz —

f.(x)—(_: A BT >x=13 al 2"'"])@:-3)

T Te2emDO3)

Ax—3)+B2x—1)=x—13. (1)

Setting x = 3 in equation (1), we get

A) + B(5) = —10,s0 B = —2.

. | S —
Setting x = —- in equation (1), we get
5 )5
A(——) i B — sl
> e

Therefore f(x) = ) = —@ = —@

L2y~ 11— 3) 2x — 1 x—3

Now try Exercise 3.




In Exercises 14, find the values of A and B that complete the partial D ¢ <§< _..'ur'

o
fraction decomposition. ® /(' \’\;
1 .\-—lf_’:ﬁ+ B bl fescch ><-l2 ‘3\ " B
XX—4x x 4 ) = —f e—
3~ s X w-Y

b
2x+16 __A , B
o o

2- 5 — — 1_:—-1 !f,':_l &
x*+x—©6 3 x — 2
3 — ](j—,X' _ A + B A=2B=—3
i I3r—1D X~ x+5
3 A B
4. — = — + — A=12,B=—1P
»r—9 x—3 x+3

s — V2= P-4 1 B x
o)+ B()






EXAMPLE 2 Antidifferentiating with Partial Fractions
Findrfﬂ awe— OV Ao Th?s 0\ ]v\
' when t')"\’.‘\ blwr cr):' “4]

SOLUTION own Y

First we note that the degree of the denommator 1s not less than the degree of the nu-
merator. We use the division algorithm to find the quotient and remainder:
3x2+ 3
x2— 1 )3x + 1
=
3x2 + 1
3x2—-3
4

Thus $

34 _.
f"‘,—+'dx = J(?u@ + 3+ ,4 dx
 all) | =]

continued



Thus

f3x4+ldx=f3x2+3+ 4 )dx
x2—1 X2 —1

.
. dx
=1+ 1)

=x3+3x+J

;
=x3+3,\+J( A + B )dx.

=1 x+1
We know that A(x + 1) + Bx — 1) = 4.
Setting x = 1,

A(2) + B(0) =4,s0A = 2. ) ‘
ing x = w._ = I [
Setting x = —1, -
¥

A0) + B(—2)=4,s0B = —2.

Thus 0/ (/

f3x4+ldx=x3+3x+f 2 = =5 b
x2—1 x—1 x+1

=x3+3x+2In|lx—1-2mn|x+1|+C
——m— ——

=x3+4+3x+2In =1 + C.
x+1

Now try Exercise 7.




In Exercises 5—14, evaluate the integral.

11.

1

r‘

-

J

x_lzdxln L1
— 4x (x — 4)-
3
o dx S.
xz_ 3 | r
x2+Inx2—4¥+C
22 o 2tan 'x + C 10.
x“+ 1 .,
e SIS )
S “+C
2x + 1
8x — 7
dx 14.
22 —x—3

n(Ix+113|2x—-3D)+ C
- R BRI T N e A, Y . SRSRRGT T

J

J

J

.
-~ ruunw e e

] 2x + 16 l (.\‘—2_}4+C
xX+x—6 "+ 3P
g |
= [|x—3
dx x+1In | + C
2Z_9 X n N o
-
3dx SR
2409 tan (.,3,.)+C
" 1=8%
=T . Inigl
lnﬁ+("
(5% + 14 :
x4+ Tx

In2|x+71H+C






13. J 5“7 : dx -~ S %7‘-—."’
2x—x—3 -—

L N o KB-‘- LeP “QL(_&* V)
\gk-—q = * X+ '2*.-.".5:()
(2""'3)6‘*0 2> 13D

) -+ B (’2_3(-’3) Zre=3
=) o P\(W) 5=
Fhe- vE 3
_= C x =%
S —
_ >2p =
S = Z L
-
?"’Z’ ;/ -+ w+ l
§Q-' .= 2%






In Exere —14, evaluate the integral.

il e+ o — 7
—J, ix In ‘ l L J_EJ =il dx In te
¥ —dx “+x—@ (x+ 3

u.n. »
20 ;f\ NS
4 : (H\n

i Q.r:\—.\—}m B>
e+ 1 2x =3+ ¢ -jﬁx =< "[_f
@X—‘I%g?'_fox +0> 1

-Fx

—2( ) 4x B#
Scmx'f'?) B

K__D 'T;EB
P + (2)!’1) B

)
¢ Q;’fj;—&)
R CEE)

- _,LC;-cﬁ'}é_"'
i€ mamB
7B ?)ﬂ%‘*
J: N/
2



14, JS.\'-f- 14
2+ Tx =

)S‘xf’/c/ - = B (=2 =
w (et27) >< * 3(+‘7— < +><+'?'

_ 2 *
vt = RO T 2ol

<=7
78 |14 =7/ = nx -i(h\’f“'?l
IX"'7‘ 'I'C

2l =7
&~ = ln X

=7
7 50~



EXAMPLE 3 Finding Three Partial Fractions

This example will be our most laborious problem.

. . dy 6x2—8x—4
Find the general solution to — =

dx 2—-dHx-1)
SOLUTION

6x2 — 8x — 4 f A B C
) = dx = E + dx.
; f(x—E)(x+2)(x—l) * (x—2 x+ 2 x—l) *

We know that Ax + 2)x — 1) + Bx —2)(x — 1) + C(x — 2)(x + 2) = 6x2 — 8x — 4.

Setting x = 2:
A4)(1) + BO) + C(0)=4,s0A = 1.
Setting x = —2:
A(0) + B(—4)(—3) + C(0) = 36,s0 B = 3.
Setting x = 1,
A©) + B() + C(—1X3) = —6,s0 C = 2.
Thus

2 _ — 4 2
f 6x2 — 8x — 4 dx:f( I 8 .
fE— AN IR — 1) r— g ¥

=lnlx—2|+3nlk+2|+2h|lx-1]+C

=In(x-2|x+2Px-1P + C.

Now try Exercise 17.



In Exercises 15-18, solve the differential equation.

> 0y - . 2x— 5 du 2
= dx  x2—2x - dx x2—1

5 3
17. F'(x) = == 18. G'(1) = rf’ :

T ol
¢ (5D € (€= 1)
15.y = - ( 16.u = In | —— 1 d 18. (
L - TSN =%
x x (X~

x-:z-‘ —-6-— ..-2.(:'\
= 2% ?’Z‘?
o UL px



18. G'(f) = — Qavi oo/ \
== Q,‘-a-\t\'-\,qus -

’.-2'__;

\

- D H v —=,

'b-Jc y 243 + 00k 7O

“~




In Exercises 19-22, find the integral without using the technique of

partial fractions.

oy ln|-r3—4| + C
o [ 2
x:—4
24+ x—1
o = dx
2 —x

x+ In |.\'3 = .1" + C

20.

22.

J

In ’ 2x2 — 3x + 1| + C

J

i 4x — 3
2x2 — 3x + 1
[ 23

dx
xr=—.]

2+hlx2-1+C



