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4.2 The Mean Value Theorenr

THEOREM 3 Mean Value Theorem for Derivatives

If y = f(x) is continuous at every point of the closed interval [a, b] and differen-

tiable at every point of its interior (a, b), then there is at least one point ¢ in (a, b) at
which O

Q -1 - ’-'
Q, 2 )
6 flo) = fb) — fla) 2l
b—a
i ————
Y\
y \J Tangefll_ggrallel to chord .

Figure 4.10 Figure for the Mean Value
Theorem.



c= 1.

1terpret The tangent line to f(x) = x2 at x = 1 has slope 2 and is parallel to t
hord joining A(0, 0) and B(2, 4) (Figure 4.12).

Now try Exer

I continued

THEOREM 3 Mean Value Theorem for Derivatives

If y = f(x) is continuous at every point of the closed interval [a, b] and differen-

tiable at every point of its interior (a, b), then there is at least one point ¢ in (a, b) at
which

ws . f(b) —fla)



EXAMPLE 2 Exploring the Mean Value Theorem
Explain why each of the follzwing run-tions fails to satisfy the conditions of the Mean

Value Theorem on the intcrval [-1, 1]. Z l ) z }"3

x+3 forx<1
xX+1 forx=1

(@) f(x)=Va2+1 (b) flx) = I

SOLUTION

|
2

4 / 4 X
a C (b)
-Ll1)
{
THEOREM 3 M:?h Value Theorem for Derivatives J
If y = f(x) is continuous at every point of the closed interval [a, b] and differen-

tiable at every point of its interior (a, b), then there is at least one point ¢ in (a, b) at

which
1) ~f(@)

flo=——_




In Exercises 1-8, (a) state whether or not the function satisfies the
hypotheses of the Mean Value Theorem on the given interval, and
(b) if it does, find each value of ¢ in the interval (a, b) that satisfies

the equation i -
f(c) _J) —J(a) Rl e
)T b-a 0 U =2+ oW

) ¥ D
. f@)=x*+2x—1 on]0,1] < C ‘ :©
- §+2~)
2. fx)=x** on]0, 1] o < (bj
3. f(x) =x3 on[—1,1] No. There is a vertical tangent at x = 0. QL“)
4. f(x) =|x— 1] on[0,4] No.Thereisacorneratx = I. + ) -—’ -
- . . _I - O
5. fx)=sin"'x on[—1,1] ’q ('9) -
6. fx)=In(x—1) on][2,4] QU‘J C..- ) )

in~! —1=x< ) 'fZ a
8. f(x) = sin"'x, —-1=x<1 on [—1, 3] 2(, |

ety sy
2




v MYy uurn g u‘-@_'l.{
n(x—1) on Ll :] VAL, ar (2,4) -‘;
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TS .
sin” X, 1=x<1 on [—1, 3]

8. f(x) = {
J®) x2+1, 1=x=3
No. The split function is discontinuous atx = 1.




In Exercises 1-8. (a) state whether or not the function satisfies the

hypotheses of the Mean Value Theorem on the given interval, and

(b) if it does, find each value of ¢ in the interval (a. b) that satisfies

the equation

f(b) — f(a) f(a) 8. fm:{sin"x. —1=x<1 on [~1, 3]

b— x2+1, 1=x=3
No. The split function is discontinuous at x 1

re)=

L. f)=x2+2x—1 onq[O 1]
2. fx)=x** on|o0,1]
3

R /
. f@)=x" on[-1,1] ® con ¥rinaoas J

4. fx)=|x—1] on[0,4] No.T d G*Gc.r-evﬂ's“-\a\b
5. f(x)=sin"x on[—1,1]
6. fx)=In(x— 1) on[2,4] [Q) |>
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EXAMPLE 3 Applying the Mean Value Theorem
Let f(x) =V1—x2, A=(—1, f(-1)), and B= (1, f(1)). Finda

tangent to f in the interval (—1, 1) that is parallel to the secant AB.

SOLUTION
The function f (Figure 4.14) is continuous on the interval [-1, 1] and
—X
Flo) = —=—
V]—x"
is defined on the interval (—1, 1). The function is not differentiable at x = —1 and x = 1,

but it does not need to be for the theorem to apply. Since f(—1) = f(1) = 0, the tangent
we are looking for is horizontal. We find that f'= 0 at x = 0, where the graph has the
horizontal tangent y = 1. Now try Exercise 9.

COROLLARY 2 Functions with f' = 0 are Constant

If f'(x) =0 at each point of an interval I, then there is a constant C for which
f(x) =C forallxin .




In Exercises 9 and 10, the interval a = x = b is given. Let A =

\
(a, f(a)) and B = (b, f(b)). Write an equation for ':S

(a) the secant line AB. \_g (
(b) a tangent line to f in the interval (a, b) that is parallel to AB. "'g =
: | g
9. f(x) =x+?, 05=x=2 (a)y 1 (b)y =2
10. f(x)=Vx—-1, 1=x=3 ‘L



