5.5 Trapazoidal Rule

We could get a better approximation is we were to use
trapazoids instead of rectangles.
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The region between the curve and the x-axis is then approximated by the trapezoids, the

area of each trapezoid being the length of its horizontal “altitude™ times the average of its
two vertical “bases.” That is,
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This is algebraically equivalent to finding the numerical average of LRAM and RRAM;
indeed. that is how some texts define the Trapezoidal Rule.



The Trapezoidal Rule

To approximate fab f(x) dx, use
= g(}'o +2y,+ 2y, + o+ 2y, + ‘)

where [a, b] is partitioned into n subintervals Qf equal lenUth h = (b — a)/n.

Equivalently, o -1'\""‘ € r' \ ~5 4
NN
7= RAM + RRAM

where LRAM,, and RRAM,, are the Riemann sums using the left and right
endpoints, respectively, for f for the partition.
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EXAMPLE 1 Applying the Trapezoidal Ru Table 5.4

Use the Trapezoidal Rule with n = 4 to estimate [ x2dx. Compare the estimate X y =&
with the value of NINT (x x, 1,2) and with the e{am value.

1 | G \! o
SOLUTION 5 25
Partition [ 1, 2] into four subintervals of equal length (Figure 5.32). Then evaluate y = x2 R 16 g \11
at each partition point ( Table 5.4). 6 36
Using these y values, n =4, and h = (2 — 1)/4 = 1/4 in the Trapezoidal Rule, we P 16 é yi
have v
T=h(v0+2v +2y, + 25 +y | l I = = 7{5
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= — = 2.34375. }
32 ol M
The value (i NINT (x2, x, 1, Zr- is 2.333333333. S‘ Io
The exact v ¢ integral is J"‘;,J'a\ Q" B ,./——'
B % —

.

The T approximation overestimates the integral by about half a percgnt of its true #alue of
7/3. The percentage error is (2.34375 — 7/3)/(7/3) = 0.446%. Now try cise 3.
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In Exercises 1-6, (a) use the Trapezoidal Rule with n =4 to
approximate the value of the integral. (b) Use the concavity of the
function to predict whether the approximation is an overestimate or
an underestimate. Finally, (c) find the integral’s exact value to check

yOUr answer. T e
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In Exercises 1-6, (a) use the Trapezoidal Rule with n =4 1o
approximate the value of the integral. (b) Use the concavity of the
function to predict whether the approximation is an overestimate or
an underestimate. Finally, (c) find the integral’s exact value to check

your answcer.
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In Exercises 1-6, (a) use the Trapezoidal Rule with n =4 to
approximate the value of the integral. (b) Use the concavity of the
function to predict whether the approximation is an overestimate or
an underestimate. Finally, (¢) find the integral’s exact value to check
your answer.
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EXAMPLE 2 Averaging Temperatures

An observer measures the outside temperature every hour from noon until midnight,
recording the temperatures in the following table.

e |

Ti - S 10 11
Te 63 65 66 68 T0 69 68 68 65 64 62 58

What was the average temperature for the 12-hour period?

SOLUTION

We are looking for the average value of a continuous function (temperature) for
we know values at discrete times that are one unit apart. We need to find

M
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of a 12-subinterval partition of the 12-hour interval (making h = 1).

T=—»n+2y;+2y; +--+2yy + .le)

e

Rounding to be consistent with
65 degrees.
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7. Use the function values in the following table and the
(12 +2(10) + 29) + 2(11) + 2(13) + 2(16) + 18) =74

Trapezoidal Rule with n = 6 to approximate f(f‘f(.t) dx. 7.

B | s |

. e . . -
x | 0 | 2 3 - 5 6
f(.r)| 12 10 9 11 13 16 18
8. Use the function values in the following table and the e Siga oo o 4 gs g
Trapezoidal Rule with n = 6 to approximate f;[(:x)dx. 8.5(16 +2(19) + 2(17) + 2(14) + 2(13) + 2(16) + 20) = 97

x | 2 3 4 5 6 71 8
fo[ 16 19 17 14 13 16 2

9. Volume of Water in a Swimming Pool A rectangular )
swimming pool is 30 ft wide and 50 ft long. The table below \N _’.Zy s B i
shows the depth h(x) of the water at 5-ft intervals from one end - (\Io g ) —
of the pool to the other. Estimate the volume of water in the pool @ il
using the Trapezoidal Rule with n = 10, applied to the integral

15,990 ft*
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10 9.1 40 12.3
15 9.9 45 12.7
20 10.5 50 13.0
25 1.0 |
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Area Under a Parabolic Arc

The area Ap of a figure having a horizontal base, vertical sides, and a parabolic top
(Figure 5.33) can be computed by the formula

Parabolic arc

Ap = %(! +4m + r}.
where h is half the length of the base, [ and r are the lengths of the left and right sides,
and m is the altitude at the midpoint of the base. This formula. once a profound dis-

covery of ancient geometers, is readily verified today with calculus. Figure 5.33 The area under the para-

1. Coordinatize Figure 5.33 by centering the base at the origin, as shown in Figure ";"{L“ i “’ﬁ* CS“‘Iﬁ“}“d “E“‘ ;“; '°“|S‘h
- & e 2 2 hage P s leneths a alti-
5.34. Let y = Ax- + Bx + C be the equation of the parabola. Using this equa- SOF RO iy W KOV RO K S S

tion, show that yo = Ah2 — Bh + C,y, = C, and y, = Ah? + Bh + C. ludlcs R e
( Exploration 1)

2. Show that yg + 4y, + v, = 2Ah? + 6C.
.
- Parabol; 3
3. Integrate to show that the area Ap is ,,-?.1;3':_ Br+C
h :
?Qz“l" + 60C). (~h, yp)

4. Combine these results to derive the formula

h Yo
Ap=7 I-'“ﬂ iy }':I : b(
4 |+ 2

¢ m Figure 5.34 A convenient coordinatiza-

b{ e o~ tion of Figure 5.33. The parabola has
Y J equation y = Ax? + Bx + C, and the mid-
Y L < " point of the base is at the origin.
Xploratio J
7’ A ot (Exploration 1)
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This last formula leads to an efficient rule for approximating integrals numerically.
Partition the interval of integration into an even number of subintervals, apply the formula
for Ap to successive interval pairs, and add the results. This algorithm is known as
Simpson’s Rule.

Simpson’s Rule hi |
Ap = — I+4m+r).
To approximate J;b f(x) dx, use 3\

h
S=F|Yo+dn L2 +4ys+ -+ 2ypa + Ay + .\‘u)~

where [a, b] is partitioned into an even number n of subintervals of equal length

h=(b—a)/n.




EXAMPLE 3 Applying Simpson’s Rule

Use Simpson’s Rule with n = 4 to approximate foz 5x* dx.

SOLUTION
Partition [0, 2] into four subintervals and evaluate y = 5x* at the partition points. (See
Table 5.5 on the next page.)

continued
Then apply Simpson’s Rule with n =4 and h = 1/2:
x y=5x* h
p . §= ‘3‘(}'0 +4y +2y; +4y3 + 3'4)
1 5
= — 1 5 405
2 16 = et il
1 p 6(0+4(16)+2(5)+4 16)+80)
3 405 ..
2 16 12°
2 This estimate differs from the exact value (32) by only 1/12, a percentage error of less
than three-tenths of one percent—and this was with just 4 subintervals.
Now try Exercise 17.




11. Audi S4 Quattro Cabriolet The accompanying table shows
time-to-speed data for a 2004 Audi S4 Quattro Cabriolet
accelerating from rest to 130 mph. How far had the Cabriolet \\ 9 N
traveled by the time it reached this speed? (Use trapezoids to pm— ‘-l o *1\f Bad T:l-. -t \,h J
estimate the area under the velocity curve, but be careful: the g
time intervals vary in length.) See page 314.

Speed Change: Time
Zero to (sec)
30 mph 2.0
40 mph 32
\Q :g mph 4.5
» %0 mph 5.8
~ 70 mph 11
80 mph 9.5
90 mph 11.6
100 mph 14.9

110 mph 17.8 / (Q.e)

120 mph 21.7 / 2 (‘7' 7) -+ 2

130 mph 26.3

, 2(5-8)F
Source: Car and Driver, July 2004, \/ q s‘) +
L



In Exercises 1318, (a) use Simpson's Rule with n = 4 to
approximate the value of the integral and (b) find the exact
value of the integral to check your answer. (Note that these are
the same integrals as Exercises 1-6, so you can also compare it
with the Trapezoidal Rule approximation.)
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step 3: plug in x values into the function

b) select "Ask" i |
a) 2nd>TBLSET fczrslic?;nt: S c) 2nd > TABLE d) plug in values!

step 4: plug values into Simpson's Rule formula.

5= %()‘n +4y +Intan+ )‘4)

¢ £ /) $aD*2E) TR DS
o
2

ol _f,‘,(.S?)qr's‘)ﬁ
+3.27 % L

W\
\—-
" i

Use this same approach for Trapazoidal rule, only use the Trapazoidal Rule
instead on step 4!



19. Consider the integral f_3 : (x3 — 2x) dx.
(a) Use Simpson’s Rule with n = 4 to approximate its value.
(b) Find the exact value of the integral. What is the error, | Eg|?

(¢) Explain how you could have predicted what you found
in (b) from knowing the error-bound formula.

(d) Writing to Learn Is it possible to make a general
statement about using Simpson’s Rule to approximate integrals
of cubic polynomials? Explain.



In Exercises 1-6, (a) use the Trapezoidal Rule with n =4 to
approximalte the value of the integral. (b) Use the concavity of the _l

function to predict whether the approximation is an overestimate or 7 ‘ -L/ z-
an underestimate. Finally, (¢) find the integral’s exact value to check

your answer.
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In Exercises 13-18, (a) use Simpson’s Rule with n = 4 to L ~O ( B X
approximate the value of the integral and (b) find the exact e —

value of the integral to check your answer. (Note that these are — <

the same integrals as Exercises 1-6, so you can also compare it 0
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with the Trapezoidal Rule approximation.) 7 = O ﬁ;



