What you’ll learn about

* Indefinite Integrals

6.2 Antidifferentiation by Substitution

* Leibniz Notation and
Antiderivatives

« Substitution in Indefinite

Integrals
) E:ig;trg;‘;t'on SrDennie As mentioned before, our focus will be
to learn new tricks to help us integrate.
...and why

G o s e First, we will accept a mathamatical
were historically crucial for apply-

ing the results of calculus. symbol that will tell us to perform the
antiderivative.

DEFINITION Indefinite Integral
The family of all antiderivatives of a function f(x) is the indefinite integral of f
with respect to x and is denoted by f f(x)dx.

If F is any function such that F'(x) = f(x). then ff(.r)d.\' = F(x) + C, where Cis an
arbitrary constant, called the constant of integration.

As in Chapter 5, the symbol f is an integral sign, the function fis the integrand of the
integral, and x is the variable of integration.



EXAMPLE 1 Evaluating an Indefinite Integral

Evaluate [(x2 — sin x) dx.

SOLUTION

Evaluating this definite integral is just like solving the differential equation dv/dx =

x2

— sin x. Our past experience with derivatives leads us to conclude that
2 X
(xc — sin x)dx = 3 tcosx + s

(as you can check by differentiating).

Now try Exercise 3.

In Exercises 1-6, find the indefinite integral.
r
1. | (cos x — 3x2) dx 22 |[x2dx -x'+C

sinx — x° + C,e‘z'-“t J

. r
4 f(rz — I]—,) dat 33 +1'+C 4. I;{It-l tan~'t+ C
2 ]

5. | (3x*— 2x 3 + sec?x) dx 6. f(Ze‘ + secx tanx — \/J_r) dx

GBS +x 2+ tanx+ C 2¢* +sec x — (23032 + C

%( tan™ x) =

|

By

1+x°



Properties of Indefinite Integrals

Ik fx)dx = kjf[.r} dx for any constant k
f (f(x) = g(x)) dx = ff (x) dx * Jg(x) dx

Power Formulas

wt! i |
t('du="+]+thcnn¢41 uldu= |—du=In|ul+C
u

(see Example 2)

Trigonometric Formulas

fcosu du=sinu+C fsinu du = —cosu + C
fseczudu=lanu+c fcwludu=—cot;J+C
fsecutanudu=secu+(.' Jcscucoludu=—cscu+C

Exponential and Logarithmic Formulas

fe“a'u=e”+C fwd::z =T +C
a

In

fln udu=ulnu—u+ C (See Example 2)

B Inu ulnu—u
jlogdudu—Jlnadu— Ina +C

Remember that cheat
sheet | gave you?

Now, do all of those
in reverse.

That's what is being
shown on the left...



EXAMPLE 2 Verifying Antiderivative Formulas

Verify the antiderivative formulas:

-
1| g T T
(a) ju—l du qj-'dy =In |u| + C) (b) [Inudu=ulnu—u+ C
ul -~ ’
A : ‘1- --r
SOLUTION = el e
We can verify antiderivative forlﬂr}ulas by differentiating. i =
(a) Foru >0, we havei(ln lul + C) = i(lnu +C) = = +0&E L. [
du du u s u e

Foru < 0, we have—d(ln lu| + C) =_('—!(ln(—u) +C) = L(—l) + 0= L.
du du —u u

: d [—— . T
Since i_ (In|u| + C) = —in either case, In |u| + C is the general antiderivative of
du

u
. n'e v\
the function el on its entire domain..__ é/ ‘Q'r

galiona

\ N
i)‘TI+0=Inw+1—I=lnu.

d "
b)) —(ulnu—u+C)=1-Inu+u
du A ujl

- .- - Now try Exercise 11.




In Exercises 7—12, use differentiation to verify the antiderivative

—

formula.
r
7. lcsc2udu = —cotu+ C
(2cotu + C) = —(—csc2 u) =cscu
¥ 1.
9. |[e¥dx=—¢¥+C
J=> 2
(1
11. ~du=tan'u+C
3 1 + u”

5 )

10.

-

J

-

cscucotu=—cscu+C

5+ C g;

(g = L
*“Tns5

1

——du=sin"'u +
mdu sin""u+C

z.x_,.c>

2%
¢

C.,v‘ = CM'U',



EXAMPLE 3 Paying Attention to the Differential

Let f(x) = x> + 1 and let u = x2. Find each of the following antiderivatives in terms of x:

(a) ff(-l') dx  (b) jf(u) du (c) ff(u) dx
- =,
SOLUTION

A
(a) Jrf(x) dx = f(ﬂ" + 1) dx = “— +x O 2 o@"‘

r @ ?\vw’ tuu _@Ff‘ -
f(u)du=J(u3+ l)du—7+ = o=

(b)

(c) Jf(_u)dx= r(u3+ Ddx = | ((x2)3 + 1)d.r=j(ﬁ+ l)dr——7—+r+C

@Q\\aﬁ "'ﬁ u@ A c_o;: @Now try Exercise 15.

R, + X e



In Exercises 13-16, verify thu_l ff(_ u) du f(u) dx
13. f(u) = Vuandu =2 xS0

14. f(u) = u*and u = x°
15. f(u) =e"and u = Tx

|
~
16. f(u) = sin u and u = 4x Z-



Substitution in Indefinite Integrals

A change of variables can often turn an unfamiliar integral into one that we can evaluate.
The important point to remember is that it is not sufficient to change an integral of the
form [ f(x) dx into an integral of the form [g(u) dx. The differential matters. A complete
substitution changes the integral f f(x) dx into an integral of the form f 2(u) du.



EXAMPLE 4 Using Substitution

\W
Evaluate [ sin x e®°s* dx . (M— N
N, T

. s’
SOLUTION rtv
Let u = cos x. Then du/dx = —sinx. from which we conclude that du = —sin x dx. We
rewrite the integral and proceed as follows: por
AUV YA ol
j sin x e * dx = —f(—sin b 3"l 1 d oS ~ C
= “”" —2 +
.. > w . f
=— | €°°8% « (—sin x)dXx M
ne LP¥
=—| e* du = VS

=—e + C

25 F C_l_sfn)(7

— — 08X 4 V




In Exercises 17-24. use the indicated substitution to evaluate the
integral. Confirm your answer by differentiation.

17. fsin?»xdx, u=3x 7t«*\*\*( d_\_: -_-,3dx-

—

Secu faunm U

18. fxcos(Zx)dx u = 2x? /535”'\3)(&;(

19. | sec %-t_tan 2xdx, u=2x —secx+C
| “ o
20. f28(7x —2)3dx, u="7x—-2 ;
d)l(l/,h tan~! {}/3) +C or2 a7
21.fx2_|_9, U= 22.fm, u=1-r3
2
23. f (l — COS %) sin%dt, u=1-— cosé %.[1 . w,—;_;]" +C

24. fS()A +4y2+ 1)2(33 + 2y) dy, w=y*+ 4y + 1

- -— . - - - -






[ : I [
P — —_ in — — — _—
23. f(l cos 2) sin 5 dt., u=1—cos -




EXAMPLE 5 Using Substitution
Evaluate [x2V5 + 2x3dk. = V= X-’L

SOLUTION Aw = Ax ...
This integral invites the substitution u = 5 + 2x3, du = 6x? dx.

e A
V5 +283dx. = J (5 + 2x3)V2 . x2 dx

| _
=€j (5 + 2x3)V2. 6x2 dx Set up the substitution with a factor of 6.
]
:'_-j u'2 du Substitute u for 5 + 2x° and du for 6x< dx.
0 ) ymmm—
1 /2
e | e i 4 8
6\3
1
= 5(5 + 232 + C Re-substitute after antidifferentiating.

Now try Exercise 27.




EXAMPLE 6 Using Substitution < \oo b Qov*

Ve -
Evaluate [ cot 7x dx. Nk Fwe o \
pa YYevn :
|
cos 7x , .
fcot Ixdx = j : dx Trigonometric identity
sin 7x
_1 7 cos 7x dx Note that du = 7 cos 7x dx when u = sin 7x
7)  sink We multiply by < - 7, or 1.
1 [ du : :
e — Substitute u for 7 sin x and du for 7 cos 7x dx.
7) u
I
=-7- In |H| + C Notice the absolute value!

] .
27 In |SlIl 7JC| + C Re-substitute sin 7x for v after antidifferentiating.

Now try Exercise 29.




In Exercises 25-46, use substitution to evaluate the integral.

25.[—‘“, 1 .c @ U\: | — X
(1 —x)* 1] —x

:""d"('

27. J Vitan x sec2xdx —(tanx)*? + C 5
—,  ———  pE— 3

28. Jsec (% tan ({_A’%)du J —-><) & U\‘
29, JIan(’aLr + 2) dx 30. fS(sin x)" 2dx TA_E
_ ’S w ou
29. —(1/4)In|cos (4x + 2)| + Cor(1/4) In | sec (4x + 2 ol
o = FONX Ax 5{'0\(/\ (- u'j
A - 566 )‘ \/ AU\ :— ’l \
o AT 5 < - WIw
-gj 5 /% ()/’“qc



5N Cexe) Fu == 2)-

L" —~F
cas (=7 NY ‘€




31.

33.

37.

8

41.

-
]

| -

i

cos (3z +4)dz
P iy |

__~.H_ _'1_'
)

"In® x
X

dx — (Inx)’

I ,I'I‘ .;

5173 cos (s4/3

cos? (2t +

dx
xInx

x dx
el

X

_—S)d.‘f
—— sin (5%

“sin(2t+ 1)

_ -“‘-J o\uf:
5
Ig.h(?z*‘f)"'c’
‘%J 5"’/5‘



" sin (21 + 1)
37. ’ - — dt ’
J cos® (2t + 1) % Y Mo |

N da=s At
pa=Z 9" 2
\J,W\uSeO“ = ¢
27 (254 °
- \ geb
7






[

In® x
X

dx

3
1 2
— (Inx)" + (



35. | s cos (s*3 — 8) ds =, <
.. _ Y

<9
/9(_ 5(“35"4
Sq 7 e 3) + C
S‘{'r\('?






39, ﬂ% U= \Y\X

4. fxzxfl 0\“_
jdm }_ A

ﬂbkﬂ +(

[



o [

x dx
x2+1




EXAMPLE 7 Setting Up a Substitution with a Trigonometric
Identity

Find the indefinite integrals. In each case you can use a trigonometric identity to set up
a substitution.

(a)J d;r (b) Jcm;’ 3x dx (c) fco.v‘x dx
cos-2x

SOLUTION

[_-J—uvx “3"' )

(a)J- c‘!;r o J‘s.cc-'3 2x dx S— CC/ U - 4“9




EXAMPLE 7 Setting Up a Substitution with a Trigonometric
Identity

Find the indefinite integrals. In each case you can use a trigonometric identity to set up
a substitution.

-~

(a) J d—l (b) J cot? 3x dx (c) Jcos‘x dx

7
COS- 2x

-

(b) J’cot2 3xdx = ‘ (csc23x — 1) dx




EXAMPLE 7 Setting Up a Substitution with a Trigonometric
Identity

Find the indefinite integrals. In each case you can use a trigonometric identity to set up
a substitution.

-~ ~ -~

(a) J MR (b) J cot? 3x dx (c) Jcos‘x dx

7
COS- 2x




In Exercises 47-52, use the given trigonometric identity to set up a
u-substitution and then evaluate the indefinite integral.

-
47. J sin® 2xdx, sin’2x =1 — cos? 2x

]
48. J sect xdx, secix =1+ tan?x

. -3 (,Ds 2-" i ) = .
49. _1 2sin?xdx, cos2x = 2 sin? x‘; ‘l ﬁmﬁlx‘ L C 25 N ’LF

<1 .

r 2+ )

50. J 4cos’xdx, cos2x=1—2cos’x 5(695
Ax Nzl Xx

l Axt | )

X (€05 Ao =& 12



EXAMPLE 8 Evaluating a Definite Integral by Substitution

wl3
E\'uluulcf tan x sec? x dx.

0




In Exercises 53—66, make a u-substitution and integrate from u(a)
to u(b).

"3 ———— |

1
53. Vy +1dy 54.J-r\/l—r3dr I
0

- .

rf_l ~1 ‘S
" Sr
d tan x sec- x dx 1 ———=dr
(4 + r?)?
J —a/4 -1

N
=

tn
tn

r'l e ~ T
Vo : COS X
e L 58. f dx
Jy (11072) J__ V4 +3sinx
=1 ~ /6
59. 13+ 2t(5t* + 2) dt 60. cos > 26 sin 20 df |

Jo : Jo

(7 rs — 5 dx
61. 2 61] x|
J, x+2 , 2x—3
r"' d Ix/4
63 J ” r? 64. J cot x dx




In Exercises 53-66, make a u-substitution and integrate from u(a)
to u(b). ¢ 2.0

3
53. J Vy+1dy 1453
0
0
55. J tan xsecZxdx —1/2
—uw/4

:
1 f—
57.J 0V0 4o 10
o (1 + 032y

|
59, J Vi3 + 2t (5t + 2) dt
0 2V3

61. J:_r(f2 1.504 -
. f{f’g do
o[ 28 v 229w
£ 4
m -
JJ
~ |+




